We propose, based on brane cosmology, an explicit relation R = M P l R 2 extra of the radius of the observed brane Universe and the extra dimensions for solving both the hierarchy problem and the cosmological constant problem without fine-tuning. This relation associates the dark energy (i.e., cosmic acceleration) in the cosmological physics with the electroweak scale in particle physics, thereby associates the cosmological observations (by WMAP, Planck satellite, SNAP, etc.) with the accelerators (such as LHC, Tevatron). We assumed that the supersymmetry on our Standard-Model brane is broken near the TeV energy scale, and the curvature induced by the resulted cosmological constant occurs only in the extra dimensions. As a result, the effective cosmological constant (zero-point energy in higher dimensions) observed in our brane-dark energy-is a natural consequence of the breaking of supersymmetry in brane near the TeV.
dark energy exist including 4-dimensional (4-d) quantum zero-point (ZP) energy, a very light and slowly evolving scalar field, and a frustrated network of topological defects (See e.g., [2, 3] ).
None seems to be compelling and underlying conceptual difficulties remain for these suggestions, including the problems of compatibility with the Standard Model (SM) and fine-tuning of the parameters involved.
An alternative and appealing approach, proposed in the brane-world scenario [4, 5] , is that of the dark energy due to the extra dimensions (EDs) (see, e.g., [6, 7, 8] ). Such an approach provides a framework reconciling the CC problem with the hierarchy problem (HP) in SM of particle physics. The possible connection with the cosmic inflation is also discussed in this scenario [9] . However, the size of the extra-dimensions remains undetermined and the connection of the dark energy with supersymmetry (SUSY) is not seen clearly.
Purpose of this paper is to point out that in brane cosmology the dark energy can arise from zero-point energy in the higher dimensional bulk with the SUSY on our brane broken near TeV energy scale. An explicit relation of the radius of the observed brane Universe and the extra dimensions is obtained, leading to extra-dimensions with size scale of 0.03mm. This relation also indicates that all dimensions has the same size of the Planck scale and has higher symmetry at the Planck era. The uniformly distribution of the dark energy is due to the fact that each spacetime point of the flat brane corresponds to the EDs with definite and constant radius, whose inverse corresponds to the dark energy.
Dark energy and the cosmological constant problem
In the most universal form (in accord with general covariance principle) of GR, the Einstein's equation, including the CC Λ introduced by Einstein himself, takes the form [10] :
where G µν is the Einstein tensor, and T µν the energy-momentum tensor of matter. A new type of the energy component with the energy density of ρ Λ = Λ/(8πG) and pressure of p Λ = −Λ/(8πG) appear in Eq. (1), rendering an equation-of-state of the vacuum of w = p/ρ = −1 (the up-to-date regime allowed by WMAP observation, etc., is −1.38 < w < −0.82 [1] ). This type of energy component is exotic since in GR the gravity induced by the energy-momentum distribution, which is proportional to ρ + 3p, renders repulsive force when ρ + 3p < 0. Then, in GR with CC, the balance between such a repulsion and the attraction occurred for usual matters leads
Einstein to construct a static cosmological model with radius of the Universe of R = Λ −1/2 (A simple demonstration is given below).
The high degree of isotropy and large-scale homogeneity observed in the Universe implies that the metric of our 4-d spacetime can be written in the Robertson-Walker form [10] :
where R(t) is the cosmic scale factor describing the large-scale dynamics of the Universe. By appropriately adjusting the coordinate, k can be taken to be +1, 0, −1, corresponding to the spaces with positive, zero and negative curvature, respectively. The Robertson-Walker metric describes three types of Universe, depending on the averaging energy density ρ: (i) The curvature is positive and the Universe is closed if ρ > ρ c ≡ 3H 2 0 /(8πG), or equivalently, Ω ≡ ρ/ρ c > 1, where H 0 stands for the Hubble constant at present; (ii) The curvature is zero and the Universe is flat if Ω = 1; (iii) The curvature is negative and the Universe is open if Ω < 1. The up-to-date and best observation Ω = 1.02±0.02 [1] implies a flat Universe composed of the 73% dark energy (Λ-term), the 23% dark matter and the 4% ordinary matter (baryon matter).
The Eq. (1) implies that the vacuum in GR, the state without any matter (T µν = 0), has energy density described by Λ. Such a concept of vacuum exists legitimately in quantum field theory (QFT) as the lowest state (ground state) of the quantum field in which the vacuum has the nonvanishing ZP energy density. Unfortunately, the predicted value by QFT [11] for Λ is hopelessly large:
in contrast with the observed CC Λ ob = 10 −52 m −2 [1] . That is, the cosmic radius, given
, is the order of Planck length l P l (∼ 10 −35 m). Here, the vacuum energy density ρ vac ∼ M 4 ≈ 10 112 erg/cm 2 is calculated by setting the up-cutoff M of QFT to be the Planck energy M P l = (8πG) −1/2 = 10 19 GeV. If one applies the observed value Λ ob = 10 −52 m −2 ≈ 10 −2.5 eV to the QFT relation
to estimate the QFT up-cutoff conversely, one finds M ≈ 10 −3 eV (meV), which is smaller than the eV-scale of the hydrogen atomic energy. This is ridiculous since QFT is well verified experimentally to be valid up to the TeV-scale (100 GeV). The cosmic radius calculated by ZP energy is
which implies that theoretical value of the cosmic radius predicted by QFT ZP energy decreases (Λ increases) with the cutoff scale M up to which the QFT applies. This means, the explicit QFT prediction using ZP energy seriously contradicts with the cosmological observations though the ZP energy conceptually supports the cosmological constant.
To avoid the difficulty, the Zel'dovich et al. proposed that the true contribution to the CC comes from the higher-order effect associated with gravity, rather than the lowest-order effect (i.e., the effect calculated above). That is, the lowest-order effect does not contribute to Λ. Due to the experimental observations of the lowest-order effect of ZP energy (e.g., Casmir effect), it is not convincible to simply deny the lowest-order contribution of the ZP energy to the cosmological constant. Moreover, the further calculation by Zel'dovich based on the higherorder effect associated with gravity strongly disagrees with the observations yet [2] , though the disagreement is not so serous compared with (3). Besides the ZP energy, some other effects in QFT, such as Higgs potential in SM, chiral condensation in quantum chromodynamics, can contribute to the vacuum energy density ρ vac . Unfortunately, the discrepancy with the observations, as much as the orders of several decades, still exists for these effects.
Let ρ cut be the quantum ZP energy density specified by the short-distance cutoff, then the energy of the whole Universe will not more than, according to the holographic principle [12] , that of the Universe viewed as black hole as a whole:
For the possible maximal value ρ max of the ZP energy density one has
which, by taking ρ max to be M 4 , leads to
When combining with the QFT relation (4), one gets
This completes the simple proof of the relation
It is quite clear that we miss something crucial for understanding the origin of the cosmological constant and we have to search it in the wider range of clues, in the physics beyond SM, for instance.
3 The cosmological constant in brane-world scenario It seems that the first possible clue can come from the idea of SUSY, an important concept in the physics beyond SM. SUSY is not only the symmetry connecting bosons and fermions, the two different classes of the particles in nature, but also the unique symmetry that can live up to it [13] . This theory has another beautiful property that the various divergences appeared in conventional QFT cancel neatly away with that comes from their superpartners, and it therefore has the ascendant renormalization property. The appearance of SUSY dramatically changed the landscape of particle physics and also, brought about a gleam of new hope for solving the CC problem.
The new hope lies in that the ZP energy of the bosons and fermions provide an example in which the physical properties are complementary: The ZP energy of the bosons are positive while that of the fermions are negative. This is also true in SM, only the numbers of degrees of freedom are different for bosons and fermions, and therefore the complementation can not effectively cancel the ZP energy. In SUSY theory, however, the quantum ZP energy is ideally cancelled since the number of the degree of freedom is rigorously equal between the boson and its superpartner of fermion. It is true not only for the ZP energy but also for the other effects contributing to the vacuum energy. In fact, it can be generally shown in rigorous SUSY theory that the energy density of the vacuum-thereby the CC-vanishes (see e.g. [13] ).
Actual situation is that SUSY is broken in realistic world. How much is the CC then when taking the SUSY breaking into account? It depends upon the energy scale at which the SUSY is broken. The common view at the present is that SUSY breaking, as far as SM concerns,
should occur near the scale of TeV. This amounts to M ≈TeV in the ZP energy calculation (it is cancelled above TeV by SUSY though the QFT is valid up to the range of the scale far higher than TeV), and gives rise to the CC about Λ = (T eV ) 4 /M 2 P l , which has improved the predicted value for the CC about 62 orders of magnitude in comparison with that evaluated by QFT without SUSY but is still bigger than the observed value about 60 orders of magnitude (the corresponding radius of the Universe is at the order of the millimeter).
Another possible clue in the physics beyond SM may come from the string/M theory, in which the dimension of the spacetime is ten or eleven, with the EDs of 6-dimensional or 7-dimensional [14] . In such a scenario of the spacetime the observed, vast Universe we live in is viewed as a 4-d supersurface in the 11-d spacetime, like a thin membrane. Our cosmology then becomes that in this membrane, namely, brane cosmology.
The idea of higher dimensional spacetime can be traced back to the Kaluza-Klein (KK) theory early in 1910's and 1920's, which tried to unify the electromagnetic interaction and gravity. In this theory, the compactification (of EDs) is necessary to reconcile itself with observation. The main difference of KK theory from the brane cosmology is that the matter in KK theory is distributed in all dimensions including EDs while in brane cosmology the SM particles and forces are trapped in the brane [4, 5, 15] , except for gravitational field, gravitino field, dilaton field and few fields closely associated with spacetime itself (these fields live in all dimensions).
When studying the 11-d supergravity and M theory, the idea naturally appeared that the gauge fields in the theory live only in supersurface in 11-d spacetime since the gauge fields in superstring theory can live only in the 10-d spacetime. This is the occurrence of the idea of brane cosmology, firstly proposed by Horava and Witten et al. [16] . Based on the same idea, a new framework for solving the large gap between Planck scale M P l ∼ 10 16 TeV and the electroweak scale M EW (∼TeV), known as HP, was proposed by Arkani-Hamed, Dimopoulos and Dvali (ADD) [4] in the brane-world scenario that the gravitational and gauge interactions become united at the electroweak scale M EW and the enormity of M P l is due to the large volume of EDs. Then, M P l is no longer viewed as the fundamental scale in the ADD model and the property of the theory changes under the electroweak scale, invalidating the natural extrapolation from SM to Planck-scale physics.
The rise of the superstring/M theory and brane cosmology enables the physicists to be free of the fettering of the 4-d spacetime and provides a whole new visual angle for the CC problem.
To know what can we see from this new visual angle, let us recall the main line of deduction on the CC problem: SUSY breaking at TeV scale =⇒ the CC bigger than the observed value by the orders of 60 =⇒ the radius of the Universe at the order of the millimeter. In this reasoning, the estimate of the SUSY energy scale comes from the synthetic analysis of the experiments and theories of high-energy physics in existence. The notably downward adjusting of this scale will make it contradict with the fact that no superpartner was observed in the high-energy experiments and observations, while the upward adjusting of this scale will increase the predicted value of the CC, making it further deviate from the observations. It seems that there is no room of the energy scale left to accommodate the ZP energy density corresponding to the CC. However, an interesting question rises as follows: Which part of the space do we refer in high dimensional theory when we talk about the space curvature induced by the CC?
Bethink of this, one can readily find that an additional assumption implicitly assumed in the above deduction line: The space curvature induced by the CC must appear in the observed Universe we live in. This is certainly true for the 4-d theory since obviously the default space in conventional cosmology is nothing but the 3-d space we live in. The situation changes, however, in brane cosmology in which the space has the dimensions up to ten. It is very likely that the curvature can occur only in a part of dimensions of the whole bulk spacetime. Specifically, the CC problem can be solved by imaging that the curvature induced by the CC occurs only in the EDs while the whole observed Universe remains flat. This is so because a homogeneous energy-momentum distribution-the CC-is not puzzle by itself whereas it is the observable space-curvature effect thereby induced that is the problem what we must face. If this scenario is true, then the most sharp discrepancy in the CC problem and the problem of gauge-theory scale with the observations mentioned above can be well eliminated.
Some results about studies of such a mechanism have already appeared early before the appearance of brane cosmology as a superstring theory. A demonstration found by Rubakov and Shaposhnikov [17] in early 1980's shows that the mechanism mentioned above can be realized in the general relativity of gravity with higher-dimensional spacetime. A same mechanism [18] was also found by Verlinde et al. in brane cosmology in late 1999. These investigations show that it is theoretically possible for the space curvature induced by the CC to occur only in the additional dimensions beyond the observed brane Universe. We see therefore that in brane cosmology the CC bears no directly corresponding relation to the radius of the observed brane Universe: The CC can be very large, as large as we calculated above, but the space curvature of the Universe can be tiny (i.e., the radius of the Universe is very large), as tiny as we observed.
It is the fully new possibility that provides a scope to reconcile the large CC predicted by QFT with the observed large radius of the Universe. In brane cosmology, we call the CC contributing only to the curvature of brane the effective CC in brane or, the effective CC for short. The main idea of brane cosmology for solving the CC problem is then that the effective CC is very small though the CC is very large.
There is, however, one feature which is not fully perfect in the mechanism of the effective CC mentioned above, that is, this mechanism is not free of fine-tuning of the parameters involved, such as the curvature of the ED space and the scale cutoff of the QFT. Therefore, it faces the problem of naturalness, that is, why these parameters are matched one another elaborately.
As mentioned above, the SUSY in the observed brane Universe should be broken near TeV scale. In brane cosmology, this is a boundary condition the theory need to satisfy. A conjecture, given by Schmidhuber [19] , suggests that in superstring theory (specifically, in higher- Here, a question remains yet as to the breaking scale M bulk of SUSY. As mentioned before, the gravitons in brane cosmology, unlike the SM particles trapped on the brane, can propagate out of the brane and live in the whole higher-dimensional spacetime (this can be well understood by the relationship of the spacetime with the gravitational field in the framework of general relativity). For this reason, the gravitational field is described by the supergravity and the ZP energy in the supergravity can contribute the spacetime curvature of the whole bulk. If the SUSY in supergravity has been exact then the ensuing vanishing ZP energy leads to a result inconsistent with the observations: The vanishing effective CC. Therefore, the SUSY must be broken at some scale M bulk . The calculation of the ZP energy in supergravity can be given by simply replacing the ultraviolet cutoff M in QFT by M bulk since the contributions to the ZP energy above M bulk cancel due to the exact SUSY. Notice that the cutoff scale in the ordinary 4-d QFT which matches with the observed CC is, as discussed before, at the order of 10 −3 eV, the SUSY-breaking scale in whole bulk must be M bulk ∼ 10 −3 eV so as to agree with the observed effective CC. Now, we assume that the curvature induced by the CC indeed occurs almost only in the EDs, namely, the curvature radius R extra of the EDs is fixed by
by comparing with (7), where M brane stands for the SUSY-breaking scale on the brane. Empiristically, the energy scale M brane must be about TeV at least and the radius R extra given by the relation (8) provides us a macroscopically-small distance scale. Such a small distance scale can further fix an energy scale R −1 extra , which is far lower than the SUSY-breaking scale M brane on brane. Since the ZP energy is the energy of the vacuum itself, so it is distributed in whole bulk. Then, one can assume that scale R −1 extra corresponds to the SUSY-breaking scale M bulk on bulk, that is
It is exactly the 10 −2.5 eV for M brane = 10 12.75 eV. Then we see that the SUSY on bulk breaks at meV scale is not an independent ansatz introduced to account for the effective CC but a logical consequence of the requirement that the SUSY on the brane breaks at TeV scale.
Then, one arrives at a conclusion that the observed CC takes the value of
is due to that the SUSY on the brane breaks near 10 12.75 eV (∼TeV). The relation (8) gives rise to a specific size of the EDs being R extra ≈ 0.03 mm and this size fixes a scale below which deviation of the gravity from Newton's law occurs (the gravity obeys the law of F ∝ 1/r 2+n , where r < R extra and n is the dimensionality of the ED space). Such a scale of size is in a good agreement with the prediction of the ADD brane-world scenario [4] with n = 2 and can be tested in LHC by associated with the probing black holes and their decay [20] .
We also find that the radius of our brane Universe is directly connected with the curvature radius of the EDs,
Based on this relation, one can solve both HP and the CC problems simultaneously by restating our reasoning as follows: (i) The hugeness of M P l /M brane = 10 16 -the observed weakness of gravity above the distance 1 mm-is due to the existence of the compact spatial EDs as large as R extra , as pointed out by Arkani-Hamed, Dimopoulos and Dvali (ADD) in Ref. [4] ; (ii) The fact that our Universe has an observed radius of R as large as L Hubble = 10 26 m-the effective CC has the small value as we observed-is due to that the EDs has a curvature radius as small as R extra ≈ 0.03 mm. Furthermore, one can account for the inagglutinability of the dark energy by the fact that each point in our flat brane corresponds to a space of EDs with definite size and it is the inverse of the ED size that determines dark energy.
It should be noted that the relation (9) does not depend upon the number n of the EDs in contrast with the relation given by the ADD model [4] , The additional feature of the relation (9) which is relevant to the cosmic evolution, even dated early back to the Planck era, can be seen by assuming this relation to be valid in whole cosmic history starting from the Planck era to the present. Let us image that at the Planck time
